We establish the results on existence and exponent stability of solutions for a semilinear nonautonomous neutral stochastic evolution equation with finite delay; the linear part of this equation is dependent on time and generates a linear evolution system. The obtained results are applied to some neutral stochastic partial differential equations. These kinds of equations arise in systems related to couple oscillators in a noisy environment or in viscoelastic materials under random or stochastic influences.
Introduction
In this paper we study the existence and asymptotic behavior of mild solutions for the following neutral non-autonomous stochastic evolution equation with finite delay:
d Z t − k t, Z t −A t Z t − k t, Z t F t, Z t dt G t, Z t dW t , 0 ≤ t ≤ T,
where A t generates a linear evolution system, or say linear evolution operator {U t, s : 0 ≤ s ≤ t ≤ T } on a separable Hilbert space H with the inner product ·, · and norm · . k; F and G are given functions to be specified later.
In recent years, existence, uniqueness, stability, invariant measures, and other quantitative and qualitative properties of solutions to stochastic partial differential equations have been extensively investigated by many authors. One of the important techniques to 
dZ t −AZ t f t, Z t dt g t, Z t dW t , 0 ≤ t ≤ T,
by using analytic semigroups approach and fractional power operator arguments. In this work as well as other related literatures like 6-9 , the linear part of the discussed equation is an operator independent of time t and generates a strongly continuous oneparameter semigroup or analytic semigroup so that the semigroup approach can be employed. We would also like to mention that some similar topics to the above for stochastic ordinary functional differential equations with finite delays have already been investigated successfully by various authors cf. 6, 10-13 and references in 14 among others . Related work on functional stochastic evolution equations of McKean-Vlasov type and of secondorder are discussed in 15, 16 . However, it occurs very often that the linear part of 1.2 is dependent on time t. Indeed, a lot of stochastic partial functional differential equations can be rewritten to semilinear non-autonomous equations having the form of 1.2 with A A t . There exists much work on existence, asymptotic behavior, and controllability for deterministic nonautonomous partial functional differential equations with finite or infinite delays; see, for example, 17-20 . But little is known to us for non-autonomous stochastic differential equations in abstract space, especially for the case that A t is a family of unbounded operators.
Our purpose in the present paper is to obtain results concerning existence, uniqueness, and stability of the solutions of the non-autonomous stochastic differential equations 1.1 . A motivation example for this class of equations is the following non-autonomous boundary problem:
1.3
As stated in paper 21 , these problems arise in systems related to couple oscillators in a noisy environment or in viscoelastic materials under random or stochastic influences see also 22 for the discussion for the corresponding determined systems . Therefore, it is meaningful to deal with 1.1 to acquire some results applicable to problem 1.3 . In paper 21 , Caraballo et al. have, under coercivity condition in an integral form, investigated the second moment almost sure exponential stability and ultimate boundedness of solutions to the following non-autonomous semilinear stochastic delay equation:
As we know, non-autonomous evolution equations are much more complicate than autonomous ones to be dealt with. Our approach here is inspired by the work in paper 5, 18, 19 . That is, we assume that {A t : t ≥ 0} is a family of unbounded linear operators on H with common dense domain such that it generates a linear evolution system. Thus we will apply the theory of linear evolution system and fractional power operators methods to discuss existence, uniqueness, and pth p > 2 moment exponential stability of mild solutions to the stochastic partial functional differential equation 1.1 . Clearly our work can be regarded as extension and development of that in 5, 21 and other related papers mentioned above. We will firstly in Section 2 introduce some notations, concepts, and basic results about linear evolution system and stochastic process. The existence and uniqueness of mild solutions are discussed in Section 3 by using Banach fixed point theorem. In Section 4, we investigate the exponential stability for the mild solutions obtained in Section 3, and the conditions for stability are somewhat weaker than in 5 . Finally, in Section 5 we apply the obtained results to 1.3 to illustrate the applications.
Preliminaries
In this section we collect some notions, conceptions, and lemmas on stochastic process and linear evolution system which will be used throughout the whole paper.
Let Ω, F, P be a probability space on which an increasing and right continuous family {F t } t∈ 0, ∞ of complete sub-σ-algebras of F is defined. H and K are two separable Hilbert space. Suppose that W t is a given K-valued Wiener Process with a finite trace nuclear covariance operator Q > 0. Let β n t , n 1, 2, . . ., be a sequence of real-valued onedimensional standard Brownian motions mutually independent over Ω, F, P . Set 
2.3
for some constant C p > 0.
Now we turn to state some notations and basic facts from the theory of linear evolution system.
Throughout this paper, {A t : 0 ≤ t ≤ T } is a family of linear operators defined on Hilbert space H, and for this family we always impose on the following restrictions.
The domain D A of {A t : 0 ≤ t ≤ T } is dense in H and independent of t; A t is closed linear operator.
B 2 For each t ∈ 0, T , the resolvent R λ, A t exists for all λ with Reλ ≤ 0, and there exists C > 0 so that R λ, A t ≤ C/ |λ| 1 .
Under these assumptions, the family {A t : 0 ≤ t ≤ T } generates a unique linear evolution system, or called linear evolution operators {U t, s , 0 ≤ s ≤ t ≤ T }, and there exists a family of bounded linear operators
where exp −τA t denotes the analytic semigroup having infinitesimal generator −A t note that Assumption B 2 guarantees that −A t generates an analytic semigroup on H .
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For the linear evolution system {U t, s , 0 ≤ s ≤ t ≤ T }, the following properties are well known: a U t, s ∈ L H , the space of bounded linear transformations on H, whenever 0 ≤ s ≤ t ≤ T and maps H into D A as t > s. For each x ∈ H, the mapping t, s → U t, s x is continuous jointly in s and t;
We also have the following inequalities:
A s e
2.5
Furthermore, Assumptions B 1 -B 3 imply that for each t ∈ 0, T the integral
exists for each α ∈ 0, 1 . The operator defined by 2.6 is a bounded linear operator and yields A −α t A −β t A − α β t . Thus, we can define the fractional power as 
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for some t > 0, where K α, β and K β indicate their dependence on the constants α, β.
For more details about the theory of linear evolution system, operator semigroups, and fraction powers of operators, we can refer to 23-25 . In the sequel, we denote for brevity that H α D A α t 0 for some t 0 > 0, and C α C −r, 0 , H α , the space of all continuous functions from −r, 0 into H α . Suppose that Z t : Ω → H α , t ≥ −r, is a continuous F t -adapted, H α -valued stochastic process, we can associate with another process Z t : Ω → C α , t ≥ 0 , by setting Z t θ ω Z t θ ω , θ ∈ −r, 0 . Then we say that the process Z t is generated by the process Z t . Let MC α p , p > 2, denote the space of all F t -measurable functions which belong to
Now we end this section by stating the following result which is fundamental to the work of this note and can be proved by the similar method as that of 1, Proposition 4.15 .
Lemma 2.4. Let
Φ t : Ω → L 0 2 K, H , t ≥ 0 be a predictable, F t -adapted process. If Φ t k ∈ H α , t ≥ 0, for arbitrary k ∈ K, and t 0 E Φ s 2 L 0 2 ds < ∞, t 0 E A α t 0 Φ s 2 L 0 2
ds < ∞, then there holds
A α t 0 t 0 Φ s dW s t 0 A α t 0 Φ s dW s . 2.12
Existence and Uniqueness
In this section we study the existence and uniqueness of mild solutions for 1.1 . For this equation we assume that the following conditions hold let p > 2 . H 1 The function k : 0, T × C α → H α satisfies the following Lipschitz conditions: that is, there is a constant L 0 > 0 such that, for any φ 1 , φ 2 and φ ∈ C α , t ∈ 0, T ,
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H 2 The function F : 0, T × C α → H satisfies the following Lipschitz conditions: that is, there is a constant L 1 > 0 such that, for any φ 1 , φ 2 ∈ C α and t ∈ 0, T ,
for any φ 1 , φ 2 ∈ C α and t ∈ 0, T . Under H 2 and H 3 , we may suppose that there exists a constant L 3 > 0 such that
for any φ ∈ C α and t ∈ 0, T . Similar to the deterministic situation we give the following definition of mild solutions for 1.1 . iii Z t verifies the stochastic integral equation
on interval 0, T , and Z θ φ θ for θ ∈ −r, 0 .
Next we prove the existence and uniqueness of mild solutions for 1.1 . 
3.6
Define the operator Ψ on D:
3.7
Then it is clear that to prove the existence of mild solutions to 1.1 is equivalent to find a fixed point for the operator Ψ. Next we will show by using Banach fixed point theorem that Ψ has a unique fixed point. We divide the subsequent proof into three steps.
Step 1. For arbitrary Z ∈ D, ΨZ t is continuous on the interval 0, T in the L p -sense. Let 0 < t < T and |h| be sufficiently small. Then for any fixed Z ∈ D, we have that
3.8
Thus, by Lemma 2.3 we get
Journal of Inequalities and Applications 9 where β > 0 satisfies that α < β < 1 and C > 0 are constant. From Condition H 2 it follows that 
where q > 0 solves 1/p 1/q 1, and where η > 0 is very small. Since A t e −τA s is uniformly continuous in t, τ, s for 0 ≤ t ≤ T , m ≤ τ ≤ T and 0 ≤ s ≤ T , where m is any positive number see 23, 25 , we deduce that
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In a similar way, we have that 
3.15
By virtue of Condition H 3 and by using Lemma 2.2, we infer that 
3.17
Again by the uniform continuity of A t −τA s and 2.9 and 2.10 , we can compute that
3.18
where
The above arguments show that I 1 , I 3 I 31 I 32 and I 4 I 41 I 42 are all tend to 0 as |h| → 0 and η → 0, and I 2 also clearly tends to 0 from Condition H 1 . Therefore, ΨZ t is continuous on the interval 0, T in the L p -sense.
Step 2. We prove that Ψ D ⊂ D.
To this end, let Z ∈ D. Then we have that
14
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Again by Lemma 2.3, we get that
3.20
By Condition H 1 one easily has
3.21
And 2.9 and 2.10 imply that
3.22
From the inequality 
and 0 < γ < p − 2 /2p. Thus,
Step 3. It remains to verify that Ψ is a contraction on D.
Suppose that Z 1 , Z 2 ∈ D, then for any fixed t ∈ 0, T , Clearly,
3.28
Next, let
then there holds that
3.30
Therefore,
3.32
Then we can take a suitable 0 < T 1 < T sufficient small such that Θ T 1 < 1, and hence Ψ is a contraction on D T 1 D T 1 denotes D with T substituted by T 1 . Thus, by the well-known Banach fixed point theorem we obtain a unique fixed point Z * ∈ D T 1 for operator Ψ, and hence Z t A −α t 0 Z * t is a mild solution of 1.1 . This procedure can be repeated to extend the solution to the entire interval 0, T in finitely many similar steps, thereby completing the proof for the existence and uniqueness of mild solutions on the whole interval 0, T .
For the globe existence of mild solutions for 1.1 , it is easy to prove the following result. Proof. Since T is arbitrary in the proof of the previous theorem, this assertion follows immediately.
Theorem 3.3. Suppose that the family
A t t≥0 satisfies B 1 -B 3 on interval 0, ∞ such that U t, s is defined for all 0 ≤ s ≤ t < ∞. Let the functions k : 0, ∞ ×C α → H α , F : 0, ∞ ×C α → H and G : 0, ∞ × C α → L 0 2 K,
Exponential Stability
Now, we consider the stability result of mild solutions to 1.1 . For this purpose we need to assume further that the family A t t≥0 verifies additionally the following. 
for all t ≥ s ≥ 0 see 23, 25 . where c 3 , c 4 satisfy that |c i t | ≤ P i e −ωt , for some P i > 0 small enough i 3, 4 .
Theorem 4.1. Let the functions
k : 0, ∞ × C α → H α , F : 0, ∞ × C α → H, G : 0, ∞ × C α → L 0 2 K,E k t, Z t p C α ≤ N 0 E Z t p C α c 0 t , t ≥ 0, E F t, Z t p ≤ N 1 E Z t p C α c 1 t , t ≥ 0, E G t, Z t p L 0 2 ≤ N 2 E Z t p C α c 1 t , t ≥
